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Abstract. We establish the well-posedness of a strongly damped semilinear wave equation equipped 
with nonlinear hyperbolic dynamic boundary conditions. Results are carried out with the presence of 
a parameter distinguishing whether the underlying operator is analytic, a > 0, or only of Gevrey class, 
a = 0. We establish the existence of a global attractor for each a E [0,1], and we show that the family 
of global attractors is upper-semicontinuous as a —:*• 0. Furthermore, for each a E [0,1], we show the 
existence of a weak exponential attractor. A weak exponential attractor is a finite dimensional compact 
set in the weak topology of the phase space. This result insures the corresponding global attractor also 
possess finite fractal dimension in the weak topology; moreover, the dimension is independent of the 
perturbation parameter q. In both settings, attractors are found under minimal assumptions on the 
nonlinear terms. 
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1. Introduction 


Let D be a bounded domain in with boundary P := dTl 
strongly damped wave equation, 


of class . We consider the semilinear 


Utt — coAut + Ut — Au J- M J- f(u) = 0 in (0, oo) x D, 


( 1 . 1 ) 
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where 0 < w < 1 represents the difFusivity of the momentum. The equation is endowed with the dynamic 


boundary condition, with 0 < a < 1, 

Utt + d-n{u + tout) — + Ut — ^tu + ug(u) = 0 on (0,c»)xr, (1-2) 

and with the initial conditions, 

u(Q^ x) = uq{x) , ut{0,x) = ui{x) at {0} x n, (1-3) 

and 

U|r(0,a;) = 7 o(a:), Ut|r(0,a:) = 7i(a;) at {0} x T. (1.4) 

For the nonlinear terms, we assume f,g € C(]R) satisfies the sign conditions, 

f( s) 

liminf - > —1, (1-5) 

|s|^oo 5 

liminf > — 1, (1-6) 

|s|—j-oo S 

and we assume the growth assumptions hold, for all r, s € K., 

\f{r) - f{s)\ <h\r- s\ (l + \r\^ + |s|^) , (1.7) 

\9ir) - 3(s)l < ^ 2 |r - s| (l + + |s|^"^) , ( 1 . 8 ) 


for some positive constants £i,£ 2 , and 2 < p < oo. We will refer to equations (imi-dFdl) under assump¬ 
tions p.5ll - (ll.8ll as Problem Pq, for a G [0,1]. 

Problem Pq, draws motivation from viscoelastic material; i.e., physical phenomena that exhibit both 
elasticity and viscosity when undergoing deformation. In models that approximate the behavior of non- 
Hookean materials under high strains, the term —Aut not only indicates that the stress is proportional to 
the strain, but, in addition, the term communicates that the stress is proportional to the strain rate. Thus, 
such terms appear when modeling viscoelastic materials such as Kelvin-Voigt type materials (cf. e.g. 
[29l Section 4.9.2] and [311 Section 13.10]). In the present work, we allow the term —wAuj, 0 < a; < 1, to 
appear in the sense of a strong damping perturbation to the (weakly) damped semilinear wave equation. 
Hence, equation dD contains the perturbed (homogeneous) sine-Gordon equation. 


Utt — ojAut + Ut — Au + sin u = 0, 


used in modeling the evolution of the current u in a Josephson junction (cf. |29l[3Q]). Moreover, Problem 
Pa may be used to describe the perturbed Klein-Gordon wave equation appearing in quantum mechanics 
(cf. |42l Section 1V.3]), 

Utt — ujAut + Ut — Au + \u\'^~^u = 0, 

for 1 < 7 < 3. 

The damped wave equation, 

Utt + Aut + Bu = F{u), (1-9) 

has been the topic of several important works, of which we will only mention a few. For standard Dirichlet- 
Laplacian operators, A = —loA and B = —A, and any potential F : D{—A) = i7^(H) fl F7d(ll) L^(0) 
locally Lipschitz continuous, [43] established the global existence of strong solutions. No differentiability 
assumption on F is needed for the result; indeed, the result can be attributed to the local existence 
theorem for analytic semigroups (cf. e.g. [37]). Garvalho and Gholewa [7] show the existence of local 
weak solutions (in Hq{^) x T^(H)) to p.9D with A^ = uj(—A)^, 6 G [^,1], B = —A, and F G C(K) 
satisfying 

\F{r) - T(s)| <£i\r- s\ (l -k , (1.10) 

where 1 < p < 7 ^ for 11 C K” bounded and smooth. For course, of particular importance is the critical 
nonlinearity p = 5. To that end, the same authors prove in [^ the global well-posedness for the problem 
associated to m- They also show the existence of compact global (universal) attractor in Hq{£1) xL^(fl) 
with the aid of the dissipation assumption (EH). For this result, the case 6 = 1 is important because the 
associated operator, 

J). ( 1 . 11 ) 
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does not possesses a compact resolvent (cf. [71 Proposition 1]). It is certainly worth mentioning the work 
m who show that the operator (II.lip is of Gevrey class for 9 G (0, ^). Pata and Squassina prove in 
[34] that the subcritical problem with 0 = 1 admits an exponential attractor of optimal regularity in the 
standard energy phase space. In [35], the authors Pata and Zelik show the problem with critical and 
supercritical nonlinearities also admit global attractors with optimal regularity. In the present work, we 
do not consider the critical case, rather, for the existence of a local (mild) solution will rely on classical 
semigroup theory. Additionally, our results are presented for the 9 = 1 setting. 

Much of the present literature on the strongly damped wave equation contains only the case of the 
Dirichlet boundary condition. Of course, sometimes only trivial modification are required to reproduce 
the results for Neumann, Robin, or periodic boundary conditions. However, it is becoming increasingly 
apparent that the importance of so-called dynamic boundary conditions be considered and developed 
in future mathematical models. The damped wave equation with dissipation appearing (in the sense of 
fractional damping) on the boundary appears in [44] . Since this result appeared, it has become physically 
relevant and hence important to adopt dynamic boundary conditions. A source of special emphasis on 
this front appears quite naturally in the analysis of process of spinodial decomposition, relevant to the 
Cahn-Hilliard equations. We quote [75] : 

In most works, the equations are endowed with Neumann boundary conditions for both 
[unknowns] u and w (which means that the interface is orthogonal to the boundary and 
that there is no mass flux at the boundary) or with periodic boundary conditions. Now, 
recently, physicists have introduced the so-called dynamic boundary conditions, in the 
sense that the kinetics, i.e., dtu^ appears explicitly in the boundary conditions, in order 
to account for the interaction of the components with the walls for a confined system. 

The dynamic boundary condition present in (II.2p is of hyperbolic type. A related hyperbolic boundary 
condition—though not exhibiting surface diffusion—appears in [26] . The present Problem Pq,, a G [0,1], 
is the strongly damped perturbation of the (weakly) damped semilinear wave equation. It describes 
the dynamics of a wave in a bounded domain under the influence of dissipative effects. In our model, 
the importance of the momentum at the boundary of the domain is not neglected; hence, an important 
dynamical feature of our model is the effect of the dynamical flux present on the boundary; i.e., the daUt 
term which describes the evolution of the surface (tangential) gradient of the velocity component on T. 
For example. Problem P^, a G [0,1], may describe a gas experiencing irrotational forces from a rest 
state in a domain fl. The surface P, now governed by its own wave equation, acts as a locally reacting 
dissipation mechanism in response to excess pressure in H. Hence, ([121 describe P as a so-called locally 
reactive surface. 

The main results in this paper are: 

• For each a G [0,1], we establish the existence and uniqueness of global mild solutions under only 
minimal assumptions on the nonlinear terms. 

• The global mild solutions generate a locally Lipschitz continuous semiflow on the standard energy 
phase space. 

• For each a G [0,1], the semiflow admits a bounded absorbing set, bounded in the phase space 
independent of the parameter a. 

• The semiflow admits a family of global attractors for each a G [0,1]. The required asymptotic 
compactness for the semiflow is established using a suitable a-contraction argument. We show 
that the family of global attractors is upper-semicontinuous with respect to the parameter a as 
a —>■ 0. 

• Finally, for each a G [0,1], the existence of a so-called weak exponential attractor is proven. This 
result guarantees the finite (fractal) dimension of the global attractors in the weak topology. The 
dimension is uniform in a. 

Notation and conventions. We take the opportunity here to introduce some notations and con¬ 
ventions that are used throughout the paper. Norms in the associated space are clearly denoted jj • jjs 
where B is the corresponding Banach space. We use the notation {■,-)h to denote the inner product on 
the Hilbert space H. In many calculations, functional notation indicating dependence on the variable 
t is dropped; for example, we will write u in place of u(t). Throughout the paper, C > 0 will denote 
a generic constant, while Q : R+ —>■ M+ will denote a generic increasing function. All these quantities 
may depend on various structural parameters, however, unless explicitly stated, they are independent 
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of the perturbation parameter a. Let An > 0 denote the best constant satisfying the Sobolev/Poincare 
inequality in 



u^dx < / (|VmP + dx. 


( 1 . 12 ) 


We will also rely on the Laplace-Beltrami operator —Ar on the surface P. This operator is positive 
definite and self-adjoint on L^(r) with domain D{—Ar). The Sobolev spaces iL®(r), for s G K, may 
be defined as H^{T) = £)((—when endowed with the norm whose square is given by, for all 
uGH^iT), 



On the boundary, let Ar > 0 denote the best constant satisfying the Sobolev/Poincare inequality on P, 



I 


I 


Throughout the paper, the reader should be mindful that the results contained here belong to two 
classes corresponding to the “analytic” Problem Pa, where a G (0,1], and to the “almost analytic” or 
Gevrey Problem Pq, when a = 0. As for the plan of the paper, in Section [21 we review the functional 
setting and framework for the abstract model problem; in particular, the standard energy phase space is 
introduced and the appropriate semigroups associated with Problem Pa and Problem Pq are discussed. 
In Section [3] we determine various properties of the solutions to Problem Pa and Problem Pq. The 
well-posedness of Problem Pa is obtained by virtue of the analyticity of the underlying operator; i.e., it is 
the infinitesimal generator of an analytic semigroup, whereas the well-posedness of Problem Pq relies on 
the fact that the underlying operator is known to generate a Co-semigroup of contractions of Gevrey class 
6, for S > 2. The above assumptions on the nonlinear terms define a locally Lipschitz functional on the 
standard energy phase space. Together, semigroup theory provides the existence of local mild solutions 
which are readily found to be globally defined. Uniqueness of the solutions follows from a continuous 
dependence estimate utilizing sharp Sobolev embeddings. The mild solutions generate a locally Lipschitz 
continuous semiflow, uniformly in t on compact intervals, on the standard energy phase space. In Section 
13.31 we prove the existence of a bounded absorbing set admitted by the semiflow. This result holds for 
all problems a G [0,1] with a bound independent of a. In order to establish the existence of a global 
attractor for each a G [0,1], it suffices to prove the associated semiflows are precompact. As in [7l 
Proposition 1] when 9=1 (which also occurs in our case), the semigroup of solution operators is not 
compact; which in turn means we cannot rely on the regularizing effects of the solution operators to 
obtain the required (pre)compactness. Instead, to obtain the precompactness of the solution operators, 
we rely on the method of a-contractions (cf. [12] and the references therein). Finally, in Section 13.61 we 
prove the existence of weak exponential attractors which are compact in the weak topology and bounded 
in the standard phase space. Using this result, we are able to show the global attractors possess finite 
fractal dimension only in the weak topology. The final Section 01 contains some remarks and notes for 
future research, as well as some observations and conjectures on the characterization of the domain for 
the fractional powers of the operator Aa when a G (0,1]. 


2. Functional setting 


We begin with the consequences of the assumptions made on the nonlinear terms. From assumption 
(O and the definition of the H^{Vi) norm, it follows that, for some constants G (0,1] and ci = 
ci(/, jn]) > 0, and for all ^ G iL^(U), 


> -(1 - Mi)ll?llL2(n) “ Cl 

> —(1 — /ri)l|^l]^i(Q) — Cl. 

For some constant C2 = C2(/, [fl]) > 0 , and for all ^ G L^(fl), 


( 2 . 1 ) 



2 


( 2 . 2 ) 
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where F{s) = Notice that (11.71) and (11.81) imply, when we fix s = 0, that for all r € R, 

\fir)\<ii{\r\ + \rf)+\f{0)l (2.3) 

\gir)\ < i 2 (|t| + \r\P) + |g(0)|. (2.4) 

Together (|1.5|) . ()1.12|) . (|2.3|) . and the continuous embedding H^{Q) ^ L^{Q) give the upper-bounds, for 

^ FiOdx < h (||?|li 2 ( 0 ) + ll^llia(o)) + |/( 0 )|||e||Li(O) 

^ C” + ||?|||/i(o) + ||?||i/i(n)) , (2.5) 

where C = C(^i, Aq, fl,/). Reflecting the above estimates, due to (11.61) and (I1.13L there are constants 
fj .2 & ( 0 , 1 ], C 3 ,C 4 > 0 such that for all ^ G ^^(r), 

(giO^OL^iT) > -(1 - M 2 )||Clli 2 (r) “ C3 

> —(1 — ^ 2 )||^|llfi(r) ~ C3, ( 2 . 6 ) 

^ GiOda > - C4, (2.7) 

where G(s) = /J* g{0d^ and da represents the natural surface measure on T, and with (II. 6 |) . (11.141) . (12.41) . 
and the embedding F[^{T) ^ T^(r), we also find, for all ^ G i7^(r), 

j^G{0da < £2 (ll^lli.(r) + UCl^r)) + IsWIlieilLMD 

<c(||e||l,.(r) + ||?|IS^(r) + IICIlHi(r)), ( 2 . 8 ) 

where here C = G(^ 2 , Ar, T, 5 ). 

The “standard energy” phase space and abstract formulation for Problem P„, a G [0,1], are now 
given. Let 

Ho ■■= H\n) X L‘^{n) X H^{r) x ^^(r). 

The space T-Lq is Hilbert with the norm whose square is given by, for ^ = (u, v, 7 , (5) G Hq, 

IlClIwo := ll'a|lHi(n) + Iklli 2 (n) + llTllHqr) + Plli 2 (r) 

= (ll^^llL2(n) + I|w|li2(n)) + Iklli2(n) + (ll^r7lli2(r) + Il7lli2(r)) + Il^lli2(r)- 

Before we continue, let us now recall that the Dirichlet trace map, tr^ : C°° (H) —>• C°° (T), defined by 
trD (u) = M|r, extends to a linear continuous operator tro : iJ” (H) —(p) ^ for all r > A, which 
is surjective for A < r < |. This map also possesses a bounded right inverse tr^ : (p) —^ iL’' (O) 

such that for any ip G (pj. 

We find it worthwhile to repeat [25l Remark 1.1]: 

Remark 2.1. In the space Ho, the trace of Ut{0) G L^{Vl) is not well-defined in L^(r). This also means 
that we cannot identify the second and fourth components of some ^0 = (^o, 7 o, i^o) G ^0 through 

the trace. However, we will see that along trajectories of Problem a G [0,1], when t > 0 the 
identification tr £,(ut{t)) = Ut|r(t) is allowed. The instantaneous regularization of the solutions to Problem 
Pa, ct G [0,1], guarantees the trace is well-defined. 

For any a G [0,1], w G (0,1], let 

D{Aa) ■■= {C = (m,u,7 , (5) G Ho : u G H^(H), U|r G H^(r), A(u-|-a;u) G L^(H), 

dn{u + wu)|r — Ar(M|r + Q;wu|r) G L^(r), 7 = M|r, d = U|r on F} , (2.9) 

and define the linear unbounded operator Aa : D{Aa) C Ho —>■ Ho by 

/ 0 I 0 0 \ 

A-I u}A-1 0 0 

0 0 0 I 

y —dn —ojdn Ar — I awAr — I) 


Aa '■ — 


( 2 . 10 ) 
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Lemma 2.2. For each a € [0,1], the operator Aa : D{Aa) C T-Lq —>■ T-Lq given in Ii2.9\) - !12.10\) is closed, 
densely defined, and is the infinitesimal generator of a Co-semigroup of contractions in Hp. We denote 
this semigroup by e^°^ when a = 0, or by for a £ (0,1]. 

(1) When a = 0, the semigroup is of Gevrey class S for all S > 2. More specifically, for C and 
R sufficiently large, we have the following estimates: 

\\Aoe^°*\\c{Ug) < ^, Vi > 0, 

P(*/3,^o)||£(«„) < V/3 e {-oo,-R) U (i?,oo). 

(2) When a G (0,1], the semigroup is analytic in Tip- 

Proof. By the proof of [531 Proposition 2.2], we see that, for each a G [0,1], the operator Aa is closed 
and densely defined, and it generates a Cp-semigroup of contractions on Rq- Then by the proof of [25l 
Theorem 1.5], we also find that the semigroup is of Gevrey class <5 for <5 > 2, and the semigroup 
is analytic in "Hp. The only difference is that, whereas in the Poincare inequality is valid so that the 
norm ||w||_ffi(n) is equivalent to ||Vu||i 2 (Q), in our case we use the additional “static damping” terms to 
get control of the full norm of u. All necessary adjustments are therefore trivial. This completes 

the proof. □ 


The fractional powers of Aq are defined here in anticipation of Theorem 13.II below. (Fractional powers 
of Aa, a G (0,1] are discussed in Section jU) For any 0 > 0, we define the fractional power of the linear 
operator Aq as follows (cf. e.g. [HI II.5.c, in particular. Definition 5.31]); first let E be an open sector in 
C such that IR+ C E C p(Ap). Next, define 

V :=^y^A-®i?(A,Ap)dA, 

where 7 is any piecewise smooth path in E connecting ooe“*'^ to ooe*'^, for some cj) > 0. Then, for 0 > 0, 
the operator Aq is defined as the inverse of Aq ® with D{Aq) = Range(AQ ®). 

Remark 2.3. For all a G [0,1], the operator Aq, is dissipative on Rq. Indeed, for any ( = {u,v,^,S) G Ro, 
{^aCX)-Ho ^ “ Iklli2(n) - a^l|37r(5||i2(r) - ||'J||L2(r). 

Moreover, if we define an operator A* with domain 

D{Al) := {9 = ix, i:,fi,0&no-.^G H\n), ^|r G H^T), A(x - wi;) G L^{n), 
dn{x-^i’)\r - Ar(x|r - au;tjj\r) G L^(r), = x|r, C = '0|r on F} , 

for all a G (0,1] and w G (0,1] by, 

/ 0 -I 0 ^ \ 

-A1 cvA-1 0 0 

0 0 0 ’ 

—dn ujdn — Ar + I aujAy — IJ 

then there holds, 

{^aC,d)-Ho - = {dffiu + Ujv), Ip - £)L^V) - {v - (5, (x “ W'0 ))l 2 (r). 

Hence, in the limit a; = 0, we see the operator {A* }|^^q is the adjoint of the operator {Aq,}|,^^q associated 
with the weakly damped wave equation endowed with nonlinear hyperbolic boundary conditions. It is 
important to note that when any operator A possesses an explicit adjoint A*, then mild solutions— 
coming directly from the solution methods of semigroup theory—are in fact equivalent to the variational 
formulation of weak solutions. For more on this, see [3] Section 3]. 


Finally, define the map F : Rq —>■ Rq by 


/ 0 \ 


-f{u) 


0 

\-ff(7)/ 


-^(0 : 
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for all C 


(m, V, 7 , 5) G T-Lo. Then Problem P^, a € [0,1], may be put into the abstract form in Tig, 

i ^ = AaC + T{C) for <> 0 , 

I C(o) = Co, 


where C = C{t) = {u{t),ut{t),uir{t),ut\r{t)) and Co = (mo, 70 ,7i) G Tio, now where v = Ut and S = 
in the sense of distributions. 

The following result will be used to obtain local mild solutions for Problem Pq,, a G [0,1], in the next 
section. 


Lemma 2.4. Under the assumptions ([r7P-([OP, the map T : TLo —> T-Lg is locally Lipschitz continuous. 

Proof. The proof is straightforward. Let us first assume (ll.7l) - (ll.8l) hold. By the definition of T and 
the space "Ho, it suffices to show that / : —>■ Lf{Vl) is locally Lipschitz continuous and that 

g : H^{T) —>■ L^(r) is locally Lipschitz continuous, both of which follow from rather standard arguments. 
Indeed, let i? > 0 and u,v £ be such that ||n||Hi(n) < R and ||r’||Hi(n) < R- Using assumption 

(ini), there holds 

||/(m) -/(u)||L2(n) < C|||m-v|(1 + |m|^ + |i;|^)||^2(j.2) 

< C||u — f||LS(n) ^1 + ||m|||6(o) + ||'c||i6(n)^ 

For the component with g, let u,v £ H^{r) be such that ||it||iji(r) < R and ||ii||i 7 i(r) < R- Recall 
iJ^(r) ^ L^(r) for p £ [1, 00 ) because P is a two-dimensional manifold. Now using (11.81) . we find 

\\g{u) - 5(^^)||L2(r) < CIIIm - i;|(1 -h -f k|^”^)|lL 2 (r) 

<C'||M-w||i,(r) (l + l|Mr^L-i) + Ikir^L-i) ) (for any g> 2) 

Y L 9-2 (T) L 9-2 (r) J 

< Q{R)\\u - 'y|l_H-i(r)- 

This finishes the proof. □ 


3. The semiflow and attractors 


3.1. Semilinear equations with Gevrey semigroups. Before we move on to the discussion of Prob¬ 
lem Pq,, a £ [0,1], we address an abstract problem. The following proposition will become useful when 
we seek the existence of local mild solutions to abstract ODE, 


f ^ = AU + F{U) for t > 0, 

1 ulo) = Ug. 

A mild solution is a function U in the variation of parameters form, 


U{t) = e^*Ug + [ e^(‘-")F([/(s))ds. 
^0 


(3.1) 


(3.2) 


Theorem 3.1. Assume the (unbounded) operator A with domain D{A) is the infinitesimal generator of 
a Cg-semigroup of contractions e^* on a reflexive Banach space X, and let F : D{F) G X ^ X be a 
nonlinear operator. Let Ug £ X be given. 

(1) Suppose e^^ satisfies the estimate, for all t > 0, 

l|24e^‘llc(x) < Gt-P (3.3) 

Note well that this implies that is of Gevrey class 6 for all 6 > j (cf. [411 Chapter: Gevrey 
semigroups]). Assume moreover that F : D{A^) X is locally Lipschitz continuous for some 
0 < 9 < fj. Then there exists a maximal time T £ (0,c»] such that (13.2p has a unique solution in 

C([0,T);X)nC((0,r);D(Ai/^)). 

Moreover, ifT < 00 , then limj^T’- ||C/(t)||x = -too. 

(2) In particular, if e^^ is analytic, then the previous statement (1) holds for 7 = 1 . 
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Remark 3.2. Part (2) is well-known and applies to Problem for a > 0. Concerning Problem Pg, we 
will apply part (1) of this theorem with 7 = 2 . 

Theorem 13.II is a corollary of the following two propositions. 

Proposition 3.3. Assume the (unbounded) operator A with domain D{A) is the infinitesimal generator 
of a Co-semigroup of contractions on a reflexive Banach space X, and let F : D{F) <Z X ^ X be a 
nonlinear operator. Let Uq G X be given. 

Suppose that for some 7 > 1, satisfies the estimate for all t > 0. Assume moreover that 

F : D{A^) X is locally Lipschitz continuous for some 0 < 6 < -. Then there exists a maximal time 
T G (0,c»] such that (13.2|) has a unique solution in 

C{[0,TfX)nC{{0,T)-D{A<^)). 

Moreover, ifT < 00 , then lim^^y- ||C(t)||x = -fcxD. 


Proof. We will begin by showing that the equation, 

W{t)=F^A^e^*Uo + C^ [ A^e^^^-^'>F{s-'^^A-^W{s))ds, (3.4) 

Jo 

has a unique solution in for some T > 0. For i? > 0,T > 0 denote by Xr^t the complete 

metric space given by, 

Xr,t:=C{[0,T]-,Bx{R)) with IIFIIxh., = sup ||P(f)|U, 

te[o,T] 

where Bx{R) := {x G X : ||a:||x < i?}. We want to show that the map given by 

tl;{W){t) := F^A^e^^Uo + 

Jo 

is a contraction on Xr^t for appropriately chosen i? > 0 and T > 0. 

First we recall that by interpolation (e.g. [Ml Theorem IL5.34]) there exists L > 0 such that, for all 
X G D{A), the moment inequality holds 

\\A^x\\x<L\\x\\]f^\\Axfx. 

Then using the assumption on this gives, for all x G D{A), 

\\A<^e^^x\\x < LG<^t-^<^\\x\\x, 


and since D{A) is dense in X, it follows that, for all t > 0, 


(3.5) 


Next, since F : D{A^) —>■ X is locally Lipschitz, there exists K = K{R) such that, for all x,y G Bx{R), 

\\F{A-^x) - P(^-%)||x < K\\x - y\\x. 


We will also use below the following kernel estimates: 


f {t — s) '^^ds = f s ^^ds 

Jo Jo 

ti-je 


and 


1-70’ 


ft /■t /2 

/ it-s)-^^s-^^ds = 2 (t - s)-T'®s-^®ds 

Jo Jo 


< 2 


t\~~^^ ^t /2 


s '^^ds 


^76*^1-2761 


(3.6) 


1 — 70 


(3.7) 
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Now observe that for W G t > 0, 

WmmWx < tA\A^e^%cix)\\U4x + r - F(0)|Urfs 


+ f \\A^e^^^-ncix)\\Fmxds 

<LG<^\\U4x+LG^Kt^^ f {t-s)-^^s-^^\\W{s)\\xds 

Jo 

+ LG‘^G^ [ (t-s)-'>'®||i^(0)||xds 

A'y9fl—je ± 

< LG^WUoWx + LG^KR- -- + LG^\\F{0)\\ 


1 — 70 

Therefore, 

sup mw){t)\\x < LG^ (wUoWx 

te[o,T] \ 

Similarly, for W,V G t > 0, we have 


1 — 70 

4iSKRT^-ie _^T\\F{0 )\\x 
1 — 70 


mwm - m{t)\\x < A-^V{s))\\xds 

Jo 

< LG^KG<^ / {t - s)-^®s-^llT(s) - V{s)\\xds < LG^K- --||VF - F||x«,., 

.In -L — 'yc/ 

^70^1—70 


so that 


U{w)-^{v)\\ 


Xrx — 


< LG^K- 


1—70 


-\\W-V\\xr,r. 


FixR = 2LG^\\Uo\\x. Then it follows to choose T > 0 small enough such that 


LG^ \\Uo\\x + 


4'yeKRT^-ie + T\\F{0 )\\x 

1 — 70 


< R, 


and 


LG^K 


^70^1—7^ 


< 1 . 


1—70 

Then it follows that 0 is a well-defined contraction on It therefore has a unique fixed point, which 

is the same as saying (13.41) has a unique solution in C([0,T];X). 

To finish, let U(t) = t~'^^A~^W{t) for f > 0, t/(0) = Uq. Then U G G{{0,T); D{A^)), and for t > 0 we 
see by multiplying ()3.4I1 by t~'^^A~^ that U{t) satisfies (I3.2p . It remains to show that limt_,.o+ |lCf(t) — 
I^oIIa =0. Observe: 

\\U{t) - UoWx < ||e^‘C/o - UoWx + f V(s)) - F(0)|lxds + t||i^(0)||x 

^0 


< \\e^*Uo - Uo\\x + Itr||IT||c([ 0 .T];Y) 


^1-70 


+t\\Fm\ 


X, 


'1-70 

which converges to zero as t —>■ 0 by the strong continuity of e^*. Hence U G C([0,r];X). 

Finally, observe that if limj^y- ||[/(T)||x = R < -l-oo, then by the argument just given, we can choose 
a Ti >0, depending on R such that, for all e > 0, there exists V G C([0,Ti];X) (~l C((0, Ti]; Z1(H®)) 
satisfying (13.21) with Uq replaced by U{T — e). Since Ti depends on R and not on e, we can choose 
e = ^. Then setting U{t) = U{t) for t G [0, T] and U{t) = V{t — T+dd-) for t G [T, T -|- ^], we see that 
U G G{[0,T + ^]; X) (~l C'((0,T -|- solves p.2l) . so T is not maximal. □ 

Remark 3.4. In the above proof, R was chosen proportional to ||C/o||a and T was chosen as a function of 
R. We derive from the proof that, for small enough t > 0, we have ||H®17(t)|lx < Ct~'^^\\Uo\\x where C 
is a constant (for instance C = 2LG^ as in the proof). 

The next proposition requires a lemma. 
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Lemma 3.5. Assume the (unbounded) operator A with domain D{A) is the infinitesimal generator of a 
Co-semigroup of contractions on a reflexive Banach space X, such that for some 7 > 1, satisfies 
the estimate dSSl) for all t > 0. Suppose f G L^{0,T] X) is locally Holder continuous on (0,T). Then for 
any Uq G X, there exists a unigue U G C(\tQ,T\,X) which is a mild solution of 


^ = AU f fort>0, 


(3.8) 


t Uito) = Uo, 

and we have U G C[{to,T)]D{A^/'^)). 

Proof. By definition of mild solution, we define, for all t G [to,T], 

U{t)=e^^*-*°'>Uo+ [ 

Jto 

Since satisfies (13.31) . it follows that t i-A A^^"< is continuous for to < t < T. We need to 
show that /j* f{s)ds G for all to < ^ and that it is continuous in t. Note that 

Ito is in D{A) with A f(t)ds = {e^* — e^*°)f(t), which is also continuous in t for 

to < t <T. So it suffices to show that 

V{t) := /'‘e^(‘-)(/(s)-/(t))ds 

Jto 

is in and is continuous in t. 

We essentially follow the proof in [371 Theorem 4.3.2]. Indeed, the approximations V), defined by 

Vflt):= f - f{t))ds, t>e 

Jto 

and y(t) = 0 for t < e converge to V{t) as e — )► 0 and satisfy V{t) G D{A) by (13.3|) . We want to show 
that A^^"<Ve{t) converges. For a fixed St > 0 small enough, we can write 

11 /( 5 ) - f{t)\\ < CIs - V|s - t| < St, 

for some /3 G (0,1), hence 

pi/"e^(‘-^)(/(s)-/(t))|| <qs-tri+LGi/^5ri|l/(5)-/(t)|| VsG [to,i]. (3.9) 

Since the right-hand side is integrable, we conclude that 


lim Ai/T'I4(t) = r Ali/T'e^(‘-")(/(s) - fit))ds, 
Jto 


by the dominated convergence theorem. Since A is closed we get V(t) G D{A^/~*) with equal 

to the right-hand side. 

Finally, to see that A^/'^V{t) is continuous, we can split it as 

ptQ-\-5 nt 

A^/'^V{t)= yl'/7e^(‘-)(/(s)-/(t))ds+ / A^^^e^^*-^\fis) - f{t))ds (3.10) 

\J tn J tr\ -|-(5 


for arbitrary <5 > 0. The second term on the right-hand side is continuous in t by the observations made 
above. The first term, on the other hand, can be made arbitrarily small by choosing <5 > 0 small. This 
completes the proof. □ 


Remark 3.6. We note for future reference that, using (13.101) and (13.9L we can estimate 

\\A^/^U{t)\\<LG^/^{t-to)-^\\Uo\\+LG^/^Si^ [ ^ \\f{s) - f{t)\\ds + 2\\A^/^-^f{t)\\. (3.11) 

Jto 

Proposition 3.7. Assume the (unbounded) operator A with domain D{A) is the infinitesimal generator 
of a Co-semigroup of contractions on a reflexive Banach space X, and let F : D{F) d X ^ X be a 
nonlinear operator. Suppose that for some 7 > 1, satisfies the estimate (1331) for all t > 0. Assume 
moreover that F : D{A^) X is locally Lipschitz continuous for some 0 < 9 < i. 
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Then for any initial data Uq G D{A^) and to > 0 there exists a maximal time T G (io,oo] such that 


^ = AU + F{U) for t > 0, 


(3.12) 


t U{to) = Uo, 

has a unique mild solution in 

Moreover, ifT < oo, then l|C^(i)l|A = +cxd. 

Proof. Using the same fixed point argument as in the proof of Proposition 13.31 and keeping in mind that 
Uo G D{A^), we deduce that there exists a unique W G C{[to,T]-, X), for small enough T > 0, such that 

+ [ A'^e^^*-^^F{A-^W{s))ds. (3.13) 

Jto 

We will prove, further, that W{-) is locally Holder continuous in time on {to,T). The proof follows the 
same lines as in [571 Theorem 6.3.1]. For to<t<t + h<T write 

W{t + h)- W{t) = e^^*+'^-*°'>A^Uo - + [ (e^'‘ - I)A^e^^*-^'>F{A-‘^W{s))ds 

Jto 

+ J A^e^^^+^-^^F{A-^W{s))ds = h+h+h- 

In order to estimate these terms, first note that \\F{A~^W{t))\\x < C for all t G [to, T], where C depends 
on supjg[(|j-j.] I|W^(0 IIa and the Lipschitz constant of F : D{A^) — >• X. Second, using (13.5|) we deduce 
that for any 0 < /? < 1, for any Y G D{A^), 


||e^‘y-y||A = 

[ Ae^^Yds 

— 

[ A^-y^^A^Yds 


Jo 

X 

Jo 


X 


<C [ = Cpt^-^^'^-^^\\A^Y\\x. 

Vo 


Combining these estimates we deduce 

||/2||x < f\t - sy-’^ds = - ^o)'■''^ 

Jto 

WhWx < 

where ft is chosen in the range 1 — fj < fi <1 — 9. Then these estimates prove that W{-) is locally Holder 
continuous on {to,T) with Holder exponent 1 — 7(1 — /3). Since F : D{A^) —>■ X is locally Lipschitz, it 
follows then that 1 1 —>■ F{A~^Y{t)) is also locally Holder continuous in time on (to,T). 

Now we can appeal to Lemma 13.51 which tells us that 

f ^=AU + F{A-^W) for t > 0 , 

1 ulto) = UoG D{A0), 

has a unique mild solution U G C([to,T]; T>(A^)) fl C((to,T]; F>(A^'^'^)) given by 

C7(t) = e^(*-‘«)[/o+ [ e^(*-")F(H-®IU(s))ds. 

Jto 


(3.14) 


The right-hand side is contained in D{A), hence also in D{A^), for t > to- We deduce that 
A^U{t) = e^^*-*°'>A^Uo + [ H®e^(‘-")F(H-®lU(s))ds, 

Jto 

and so by uniqueness A^Uit) = W{f). It follows that 1/ is a mild solution of (13.1211 . Uniqueness follows 
from the fact that the solution W of (13.1311 is unique and from formula (13.1411 . □ 
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Proof of Theorem \3.1\ For Uq G X, (13.11) has a unique solution U G C([0, T]; X) (~l C((0, T); 
by Proposition 13.31 By Proposition 13.71 with initial data to > 0 and [/(to) G D{A^), we deduce that 
U G C((to,T]; D(A^^'^')') for arbitrary to > 0. The conclusion follows. □ 

Remark 3.8. Examining the proof of Proposition 13.71 and Theorem 13.11 and using Remarks 13.41 and 13.61 
we conclude that for t > 0 small enough, there is some constant C such that \\A^/'^U{t)\\x < Ct~^\\Uo\\x- 

3.2. Well-posedness of Problem P^. The definition of mild solution is from [2]. 

Definition 3.9. Let T > 0, a G [0,1]. A function C. G C'([0, T]; Ho) is called a mild solution of \2.11\) 
(and Problem Pa, ct G [0,1]^ if and only ifJ-(((-)) G and ( satisfies the variation of constants 

formula for all t G [0, T], 

m = e^“‘Co + r e^“(*-*)X(C(s))ds. (3.15) 

Jo 

The mild solution is called a global mild solution if it is a mild solution on [0,r] for all T > 0. 

Theorem 3.10. Assume a G [0,1]. Let T > 0 and (q = (uq, Ui, 7 o, 7 i) G Ho. There exists a unique mild 
solution to Problem Pa given by i3.15\) satisfying the additional regularity, 

c G C([0, T]; Ho) n C((0, T\,D{Aa)) n ^^((O, T]; Ho) 
CGC([0,T];Ho)nC((0,r];D(4/2)) 

For any mild solution to Problem Pa, o G [0,1], on [0,T], the map 

t^S{t) := ||C(/)IIho + ^ [ F{u{t))dx + 2 ( G{u{t))da 

Jn Jr 

and the energy equation, 

—S + 2a;|| VMt||| 2 (Q) + 2||ut|||2(f2) + 2au;|| VrMt||i2(r) + 2||ut|||2(r) = 0 (3.18) 

holds for almost all t G [0,r]. Furthermore, there holds, for any T > 0 and for all t G [0,r], 

||C([)ll'Ho < Q(IICollwo)- (3.19) 

Therefore, T = +oo and any mild solution is globally bounded in Ho. 

Proof. First we show the local existence of a unique local mild solution to Problem P^, a G [0,1]. By 
Lemma [2.21 the operator Aa with domain D{Aa) C Ho satisfies (13.31) with either 7 = 1 (if a > 0) or 
7 = 2 (if a = 0). By Lemma l2Al the functional P : D{Aa) C Ho Ho is locally Lipschitz continuous 
for any 0 < 0 < 1. It follows from Theorem 13.II that for each ^0 = {uq, Mi, 7 oi 7 i) € Ho, there exists T > 0 
and a unique mild solution given by p.l5l) to Problem Pq, such that (13.161) holds. 

To show that the assertion (|3.17l) holds, we appeal to the continuity properties of mild solutions (see 
(13.161) 1 and the sequential weak continuity of the functional P on Ho (this fact follows with simple 
modifications to the proof of O Lemma 3.3] for example). The energy identity (13.181) can be derived as 
in the proof of [S] Theorem 3.6]. (Of course, formally, the energy identity may be obtained by multiplying 
(11.11) by ut in L^(0).) 

To show (I3.19|) . integrate (I3.18|) over (0,t) and apply (12.2L (12.7L (12.51) . and (12.81) to obtain 

IIC(/)ll«o+2 / \\M'r)\\Hi(n)dT + 2 f ||Mt(T)||^i(r)dT < g(||Co||wo)) (3-20) 

Jo Jo 

from which (13.191) clearly follows. This finishes the proof. □ 

The following proposition can be used to show that (mild) solutions to Problem Pq,, a G [0,1], depend 
continuously on initial data. 

Proposition 3.11. Let T > 0, R > 0 and Coi,Co 2 S Hq be such that ||Coi||wo — F and ||Co2||ho — F. 
Any two mild solutions, C^(t) and C‘^{t), to Problem Pa, a G [0,1], on [0,r] corresponding to the initial 
data Coi O'V.d C 02 , respectively, satisfy, for all t G [ 0 ,T], 

llC'W-C^WII«o<e'5(^^‘IICoi-Co2||«„. 


if a > 0, 
if a = 0. 


(3.16) 


ci([o,r]) 


(3.17) 


(3.21) 






















DAMPED WAVE EQUATIONS WITH DYNAMIC BOUNDARY CONDITIONS 


13 


Proof. To prove the continuous dependence in initial conditions, let Coi = (uoijwn,701,711),C02 = 
(m02,mi2,702,7i 2) e 'Ho be such that ||Coi||wo < H and ||Co2||wo < H for some i? > 0. Let C{t) = 
(t), U|p(t), Uj|p(t)) and, respectively, C^{t) = ('u^(t), (t), Uj|p(t)) denote the correspond¬ 

ing solutions of Problem P„, a G [0,1], on [0,T] with the initial data Coi and Co2- For all t G [0,T], 
set 

C(t) :=C\t)-C^(t) 

=: (u(t),ut(t),uir(t),utir(i)) , 

and 

Co := Coi — C02 

= (woi, wii, 7 oi, 711) — (mo2,wi2,702,712) 

= (woi — U 02 , uii — U 12 ,7oi — 7o2,7ii ~ 712 ) 

=: (?2o,Mi,7o,7i)- 

Then u satisfies the IBVP 


{ utt - ojAut + ut- Au + u + f{u^) - f{vf) = 0 

utt + da{u + ujut) — aujArut +ut — Aru + u + g{u^) — g{u'^) = 0 

u( 0 ,-) = uo, ut{ 0 ,-)=ui 
w|r( 0 , •) = 7 o, ht|r( 0 , •) = 7 i 

Multiply (I 3 . 22 D 1 by 2ut in Lf(p.) to yield, for almost all t G [0,T], 

^IICIIho ■*“ + 2aw||'Ut||^i(p) 

< -2{f{u^) - ut)mn) - 2{g{u^) - g{u^), ut)L-iT)- (3.23) 

For terms on the right-hand side, first consider when a G [0,1], 

-2{f{u}) - f{u'^),ut)L^n) < 2||(/(m^) - f{u'^))ut\\L^(n) 

< 2\\f{u^) - /(u^)||L6/5(n)||Mt||Lfi(n) 

< 2^i||'u||L6(f2) ^1 -I- 1(0)) 

< 2ii ^1 -I- ||w^||^i(o) -I- ||u^||ffi(o)) ^*^11^11^1(0) + 

< Q{R) ^e||M||^i(n) + ^ (3.24) 

where the last inequality follows from the global bound on the weak solutions (13.191) . and e > 0 will be 
chosen later. In a similar fashion, we find for < 7 , 

-2{g{u^) - g{u^), ut)L^(r) < Q{R) (^e||M|lwi(r) + ^IlMtH^qr)) ■ (3.25) 

We now choose e > 0 so that 2aa; — Q{R)-^ > 0; hence eliminating the terms with ||wt||^i(o) and 
||Mt||^i(r) from p.23l) . Combining the remaining terms in (I3.23I) - (I3.25|) leaves us with 

^IIClIwo - QW (II^IIhi(O) + ll'a|lHi(r)) 

<Q(^)IICIIho- 

Integrating (|3.26p over [0,r], we arrive at (13.211) . 


in (0,r)xfl 
on (0, T) X P 
at {0} X n 
at {0} X P. 


(3.22) 


We formalize the dynamical system associated with Problem 


(3.26) 

□ 
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Corollary 3.12. Let ^0 = (uo, wi, 7oj 7i) G u be the unique (mild) solutions of Problem Pa, 

a € [0,1]. For each a G [0,1], define the family of maps Sa = iSa{t))t>o by 

Sa{t)Co{x) := 

{u{t,x,Uo,Ui,-fo,ji),Ut{t,x,Uo,Ui,jo,'li),u\r{t,x,uo,Ui,-fQ,'yi),unr{t,x,UQ,Ui,jo,-fi)) 

is the semiflow on "Ho generated by Problem Pa- The operators S(t) satisfy 

(1) Saft + s) = Sa{t)Sa{s) for all t,s > 0. 

(2) 5o,(0) = I-Ug (the identity on TLo). 

(3) Sait)Co Saito)Co for every Co G Ho when t to- 

Additionally, each mapping Sa(t) : Hq Ho is Lipschitz continuous, uniformly in t on compact 
intervals; i.e., for each T > 0 and for all Co 1 jCo 2 G Ho in which ||Coi||«o — ond |1Co2||'Ho < R, for all 
tG[0,T], 

||<S'a(i)Coi - <S'a(t)Co2||wo < ||Coi ” Co2||wo- (3.27) 

Proof. The semigroup properties (1) and (2) are well-known and apply to a general class of abstract 
Cauchy problems possessing many applications (see [H H [Ml HD]; in particular, a proof of property (1) 
is given in [32l §l-2.4]). The continuity in t described by property (3) follows from the definition of the 
solution (this also establishes strong continuity of the operators when tg = 0). The continuity property 
(j3.27ll follows from (j3.21|) . □ 

Due to the complicated nature of the domain of the operator Aa, we will not report any results on 
strong solutions to Problem Pq, (cf. e.g. [45l Theorem 2.5.6]). 

3.3. Dissipativity. The main result depends on the following proposition. It can be found in [3 Lemma 
2.7]. 

Proposition 3.13. Let X be an arbitrary Banach space, and Z C C'([0, oo); X). Suppose that there is a 
functional E : X such that, for every z £ Z, 

supif(z(<)) > —r and E{z{0)) < R 
t>o 

for some r,R>0. In addition, assume that the map 1 1 —>■ E{z{t)) is C^([0,oo)) for every z € Z and that 
for almost all t > 0, the differential inequality holds 

j^E{z{f)) + m\\z{t)\\\ < C, 

for some m > 0, C > 0, both independent of z € Z. Then, for every t > 0, there exists to > 0, depending 
on R and l, such that for every z £ Z and for all t > to, 

E{z{t)) < sup{T;(C) : mllCllx <C + i}. 

«ex 

Furthermore, to = {r + R)/l. 

Lemma 3.14. There exists i?o > 0 so that the set 

So:={CG7to: IlClIwo <^o} (3.28) 

satisfies the following: for all a G [0,1], co G (0,1], and for any bounded subset B C Ho, there is 
to = to{\\B\\-rcg,Ci) >0, i = 1,2, 3,4, such that Sa{t)B C Bo for all t > to- 

Proof. Multiply equation (HID by eu in LA{Li), where e > 0 will be chosen later, and add the resulting 
differential identity to the “energy” identity p.l8l) to obtain the following identity which holds for almost 
all t > 0, 

^ jllClIwo-he(ut,u)L 2 (r)-k2^F(u)da;-k2 J G{u)da 

+ 2a;|| VMt||^ 2 (Q) -|- 2 ||Mt||^ 2 (Q) -|- ea;(Vut, Vm)l 2 (q) -|- e{ut, 

-k 2acu|| Vrut||i 2 (p) -I- 2||Mt||^2(p) -|- eaa;(Vpitt, Vpu)p 2 (p) -|- e{ut, u)i, 2 ;y) + £||'*^llf 4 i(p) 

+ e(/('w),M)L2(o) -I- e(g(M),u)p2(p) = £11^(1112(0) -|- e||ut||i2(p). (3.29) 
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Define the following functional for all ( = {u, v, 7 , S) G 'Ho and for each £ > 0, 

'I'(C) ■=IICII«o 2 [ Fiu)dx + 2 f G{'j)da. (3.30) 

Jn Jr 

(Also, on trajectories (^{t) = {u{t),ut{t),u\r{t),ut\r{t)): t > 0 , we denote ih(C) by ^'(t)-) Observe, with 
the Cauchy-Schwarz inequality, the Poincare inequality ()1.12p . the trace embedding i/^(0) ^ A^(r), 
and ([ 221 ), (1231), dm and () 2 . 8 p . a straight forward calculation shows there are constants Ci, C 2 > 0 , such 
that, for alH > 0 , 

Ci\\Cmli,-2c2-2c^<^{t), (3.31) 

and 

^(i) < C 2 (^||C(0llwo + II^WIlHbO) + ll^(^)llHi(f2) + lk(^)ll^(r) + ll^(OllHbr)) ■ (3.32) 

Moreover, the map t i-A 'l'(t) is C^dOjOo)). 

Since uj £ (0,1], in (I3.29|) we estimate, 

£a;(VMt, Vu)i2(o) > -^||Vut||i2(o) - e^||Vu|||2(n), (3.33) 

UJ 

e(ut, u)l 2 (o) > --||Mi||i 2 (n) - —l|M|li 2 (n): (3-34) 

eau;(Vr'Ut, Vr'u)i 2 (r) > -^||VrUt||^ 2 (r) - e^||Vr'u||^ 2 (r), (3.35) 


£(itt,u)i2(p) > — — ||'itt||p2(p) —||u||p2(p). (3.36) 

We see that combining (I3.29ll - ()3.36(1 . with ()2.1I1 and ()2.6I1 . there holds for almost all t > 0, 

^ jllClIwo+2^-P'(w)da: + 2 J G{u)da^ 

+ -w||Vut||p2(Q) + ^2 — — — £^ l|wt|lL2(Q) +£(! — £) IIVM||p2(f2) + £ ~ ll'a|lL2(o) 

+ g'a^ll^rMt||i2(p) + ^2 — — — £^ Il'ai|li2(p) +£(! — £) ||Vpu|||2(p) + £ ^^2 — —^ I|w|li2(p) 

< £(ci + C 3 ). (3.37) 


Again, w £ (0,1], so 2 


-£>§-£. 


Set 


£1 := mm 


f /ilO^ ) 

1 2 ’ 2 




Then for all £ G (0,£i), the positivity of 


. f 2£ 2£ I 

mi ■= mm < ^ii -, ^2 - > 

{ UJ UJ ) 


> 0 


is assured. Fix any e* £ (0,£i). After applying both Poincare ineqialities (11.121) and (11.141) . we are able 
to choose a constant ui > 0 so that (13.371) becomes, 

|4/ + ui||C||?i„ <C. (3.38) 

Observe, ui ~ mi < 1 for all a G (0,1] and uj G (0,1]. 

Let R> 0. For all Co S Hq with ||Co||wo — di, the upper-bound in ()3.32l) reads 

4'(Co) < C 2 +R^ + RP+^ + 2RJ . (3.39) 

Hence, for all R > 0, there exists R > 0 such that, for all Co G Ho with HColIwo — di, then 'I'(Co) < R- 
From the lower-bound in (13.311) . we immediately see that sup^Q 'I'(C(t)) > —2c2 — 2c4. By Proposition 
13.131 there exists to = to{B) > 0, such that for all t> to, 

vI/(C(t))< sup {11/(0 :uiIIC||?,„<2C}. 

CeWo 
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Thus, there is i?o > 0 such that, for all t > to and for all Co G with ||Co||wo — 

ll^aWColIwo < Ro. (3.40) 

By definition, the set Bq in (13.281) is closed and bounded in Ho. The inequality in (13.401) implies that 
Bo is absorbing: given any nonempty bounded subset B of Ho, there is a to > 0 depending on B in which, 
for all t>to, Sa(t)B C Bo- Consequently, since Bo is bounded, Bo is also positively invariant under the 
semiflow Sa. This completes the proof of the dissipation of for all a € [0,1]. □ 

3.4. Global attractors. In this section we prove 

Theorem 3.15. The semiflow Sa generated by the mild solutions of Problem Pa, a. € [0,1], admits a 
global attractor Aa in Ho- The global attractor is invariant under the semiflow Sa (both positively and 
negatively) and attracts all nonempty bounded subsets of Hoi precisely, 

(1) For each t > 0, Sa(t)Aa = Aa, and 

(2) For every nonempty bounded subset B of Ho, 

lim distHo(‘S'a(t)S,yl„) := lim sup inf ||S'a(t)C - ■CII'Ho = 0 . 

t-S-OO {gAa 

The global attractor is unique and given by 

-7^0 

Aa-.= u;iBo)= f]\JSa{t)Bo . 

S>0 t>S 

Furthermore, Aa is the maximal compact invariant subset in Ho- 

In the previous section it was shown that the semiflow generated by the mild solutions of Problem 
Pa, a G [ 0 , 1 ], admits a bounded absorbing set Bo in Ho- According to the standard references on 
the asymptotic behavior of dissipative dynamical systems (cf. e.g. [Hill]), it suffices to show that the 
semiflows are precompact, or decompose into decaying to zero and precompact parts. We already know 
the following: For each a G [0,1], and for any to > 0, the set 

Sa(t)Bo is bounded in T>(Ay^), (3.41) 

t>to 

where 7 = 1 if a > 0 and 7 = 2 if a = 0. Equation (13.411) can be deduced from Lemma 13.141 and Remark 
13.81 However, due to the complicated nature of the domain of the operator Aa, we do not know that 
the solutions to Problem Pa regularize into precompact trajectories (see (I3.16|) b The reason for this 
being the first component of the trajectory does not necessarily regularize into iL^+^(H), for some p > 0 , 
which, of course, is compact in H^(fl). Keep in mind the operator Aa does not possess compact resolvent, 
and, additionally, we do not have a suitable iJ^-elliptic regularity estimate to aid in producing additional 
smoothness. 

To partially remedy this situation, we prove the following: 

Lemma 3.16. Let W„ = (wi.n, rc 2 ,rt) R'a,™,'R' 4 ,n) a bounded sequence in D{A)j!"^), where 7 = 1 */ 
a > 0 and 7 = 2 if a = 0. Then the sequences {w 2 ,n} and {w 4 ^n} are precompact in and L^(T), 

respectively. Moreover, we can identify with the trace of W 2 ^n, be. = R' 2 .n|r. 

Proof. We will consider only the case when a = 0 and 7 = 2 , the other case being much simpler. Let 
= {4>i,n, 4>2,n, 4>i,n\r, f> 4 :,n) be a bounded sequence in Ho such that AQ^'^Wn = 4>„. We write 

Wn = Ao)^ndX. (3.42) 

Jo 

For A > 0, consider 17„(A) = R{X,Ao)^n. Then by solving the resolvent equation we see that f/„(A) = 
{un,Vn,Un\r,Vn\r) where 

'an F (fi n 
= - 


A 
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and Vn solves, for all / € D H^{r), 

+ 1 + {{I’n, f)L^{n) + {Vn, f)L^(r)} + (Vlln, V/)i 2 (Q) + ^ (Vrllri, Vr/)L2 (p) 

= V/)L2(n) - -(0i,n,/)L2(o) - -(Vr(/)i,n, Vr/)L2(r) - -{4>i,mf)L‘^{r) 

+ {4'2,n, f)L'^{Q) + {4>4,n, f)L^{r)- (3.43) 

From (13.431) by taking f = Vn can deduce that, 

C 


1$. 


(3.44) 

(3.45) 

(3.46) 


/2 II II^0 ’ 

lkn||L2(Q) < ^ll^nll-Hp. 

Using (13.451) and (13.461) . by interpolation we have, for all 9 G (0,1), 

IknllH.(o) < (3.47) 

and from the trace theorem we have, for all 0 G (i, 1), 

lkn||pp.^U2(r) < (3.48) 

Now writing Vn = Vn{X) to denote the dependence on A, we can write using (13.421) that 
1 1 

W 2 ,n = — / X~^^^Vn{X)dX and rc 4 ,„ = — / A“^/^i?(A, Ao)u„|r(A)dA, (3.49) 

77* Jo ’ 777 Jq 

so long as these integrals converge in L^(fl) and i^(r), respectively. Indeed, by using ()3.47p . (I3.48|) . and 
(I3.44P we get, for all 9 G (0,1), 

pi poo 

11*772,n||i7«(n) < / A-i/2||$„||„„dA + C' / A-^/2-i||<l>„||„„dA<C'e||$„||„„, 

Jo Ji 

and, for all 0 G (^,1), 

p 1 poo 

||«;4.n||H»~i/2(r) < / X-^/^^JnodX + C X->^/^-^\\<i>n\\nodX < Ce\\<^>u\\no- 
Jo Ji 

By taking any 9 G (|, 1), this proves that the integrals in (13.491) converge, and moreover it allows us to 
identify = **72,n|r- Furthermore, since is compactly embedded in for all 0 > 0, the compactness 
claim is proved. □ 


Proof of Theorem \3.15[ To show the existence of a family of global attractors in TLo , we appeal to [H 
Theorem A.l] (or also see, for example, [321 Section 3.2] or [331 Section 2.7]). Accordingly, we only to 
show that there exists a time T > 0, a constant 0 < u < 1 and a pre-compact pseudo-metric rj on Bo, 
where Bo is the bounded absorbing set from Lemma 13.141 such that 

||5a(T)Cl-5a(T)C2||«o <*^IICl-C2||Wo+*?(Cl,C2) ^ClX2&Bo. (3.50) 

Let Cl = (mi, til, 7 i, 5i) and C 2 = (** 2 , ** 2 , 72 , ^ 2 ) in Bo be given, and let C = Ci ~ C 2 = (**,**, 7, <5)- Then 
Sa{t)C = {u{t), Ut{t), u{t)\r, ut{t)\r) is the solution of 

{ Utt — ujAut + Ut — Am = / in U x (0, T) 

Utt + dn{u + oJUt) + Ut — Ar{au}Ut + u) + u ='g on rx(0,T) (3.51) 

(m(0), 1 x 4 ( 0 ), M|r(0),Mt|r(0)) = C, 

where / = f(u 2 (t)) — f{ui{t)) and g = g{u 2 (t)) — g[ui{t)). For now we will assume in addition that Ci 
and C 2 are smooth, i.e. contained in D{Aa). Then since S'Q,(t)Ci and Sa(t)f 2 are bounded trajectories 
in TLo, and since / : i7^(f2) —>■ Lf{Vt,) and g : H^{T) —>■ L^(F) are locally Lipschitz, we may replace 
them by globally Lipschitz truncations; hence, by monotone operator theory, (13.511) generates a nonlinear 
strongly continuous semigroup (for details, see, for instance, [33]). Thus for initial data in D{Aa) we 
have f{t) = Sa{t)fi — Sa{t)f 2 also in D{Aa) for all t > 0, and in particular the solution is classical. 
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Define the functional on trajectories ({t) = for t > 0 by, 

I{t) := |||Vu(t)||i.(n) + ^||Vru(t)||i.(r) + Mmlnn) + Mmlnr) 

+ {Ut{t),u{t)) + {ut{t),u{t))L 2 (^ry 

By using u as a multiplier in (I3.5ip and integrating by parts, we get, for almost alH > 0, 

We define also the following energy functional, 

m :=^ll*5aWCl-^aWC2||?i„ 

We then set L = if + el, for some e > 0 to be determined. Recalling the formal energy identity (13.181) 
we can write 

—L + w|| Vut|||2(Q) + awll VrUt||L2(r) + I|wt|li2(n) + I|wt||i2(r) + e||u||^i(n) + e||u||^i(r) 

= e|l^*lli2(n) + e||wt|li2(r) + l^{t) + ^ ‘0^2(0) ^ ■ 

For e > 0 small enough we can write, for each t > 0, 

L < + ^||M||fl-i(r) + Ikt|li2(f2) + I|ut||i2(r), 


from which follows, 


—L + eL + w||Vut||| 2 (f 2 ) + awll Vrut||i 2 (p) 






+ (1 — 2e)||ut|||2(Q) + (1 — 2e)||Mi|||2(r) 

< (^t; f)L^{n) + + e(w,/) l2(q) + e(u,^p2(p). 

Recalling that / and g are locally Lipschitz and that Ui,U 2 are bounded in ii^(O) and we have 


L2(0) 


= ll/(“i) ~ /(“2)||L2(n) < Cllui — u2\\h^(q) = C||u||i/i(n), 


and likewise ||g||L 2 (p) < C||u||jpi(p). This is sufficient to obtain, for almost all i > 0, 


—L + eL + w|| Vut||| 2 (Q) + aw|| VpUt||p 2 (p) 

+ (1 — 2e)||ut||^2(Q) + (1 — 2e)||ut||^2(p) + g||M||ffi(n) + gll^llffi(p) 

< (^ut, + C'e||u||i2(Q) + C'e||M||i2(p). 

For the remaining terms, we have the more precise estimates. 


(wD/)^2(n) - “/(“2)||L6/5(n) 

< l|Wt|lLe(a)||M||L2(Q) ||l + |uip + |M2p||j;^3(Q) 

< C'l|wt||ffi(n)||?^||L2(n) (^1 + ||Mi||i6(Q) + 11^211^6(0)^ 

< C'||ut||ffi(n)||M||L2(o), 

and similarly, we find 

{ut,g)L^{T) < ll'Wt||L4(p)||u||p2(p) ||l + \ui\P~^ + |m2|^“^||j^4(p) 

< C'l|l‘t||//1/2(P)||M||L2(P) ^1 + ||mi||^4(p-i)(p) + II^2||^4(p-1)(p)) 

< C'||ut||//i(n)||M||L2(p), 
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where ^ i^(r) by the Sobolev embedding theorem and ^ by the trace theorem. 

Thus, for e > 0 small enough we can conclude, 

—L + eL < C'||m||| 2 (q) + C'||u|li 2 (r), 
where upon integration we deduce, for all t > 0, 

L{t) < e '^*1/(0) + C J ^||w(s)||i 2 (f 2 ) + ||u(s)||^ 2 (r)^ ds. 

On the other hand, we have from the very definition of L, 

i||5„(t)Cl - < T(t) < (1 +C^)||5a(<)Cl - 

SO it follows that, for alH > 0, 

\\Sa(t)Ci - Sait)C 2 \\n„ < C'e""*||C||«o + ct sup (||wi(s) - n 2 (s)||i 2 (n) + ||mi(s) - W 2 (s)||i 2 (r)) ■ 

Now by continuity of the semigroup, this inequality also holds for any ('ijC 2 € Bq, since the domain of 
the generator is dense in Ho- Moreover, the pseudo-metric 

??(Cl, C 2 ) := sup (||mi(s) - M 2 (s)||i 2 (f 2 ) + ||ui(s) - W 2 (s)||i 2 (r))^^^ 

sG[0.t] 

is precompact in Bq since is compact in L^. Therefore (13.501) is satisfied. The proof of Theorem 13.151 
is now complete. □ 

The dimension of these global attractors is explored further once we obtain the results in a later 
section. The next section contains a short continuity result for the family of global attractors. 


3.5. Continuity properties of the global attractors. In this section we aim to prove, in a sense to 
be made more precise shortly, that 


Mq —^ Mo in as o —^ 0. 

Following, for example [311 Section 10.8], the perturbation induced by the parameter a > 0 to Problem 
Po, is termed regular because both classes of Problem P lie in the same “standard energy” phase space; 
in particular, the family of global attractors, {Ma}ae[o,i]j lies in "Ho- We will utilize [39l Theorem 10.16]. 

Proposition 3.17. Assume that for e € [0, Eq) the semigroups each have admit a global attractor Ae 
and that there exists a bounded set X such that 

y Me C X. 

eG[0,eo) 

If in addition the semigroup Sg converges to So in the sense that, for each t > 0, Se{t)x —^ So(t)x 
uniformly on bounded subsets Y of the phase space H, 


then 


sup jj5e(t)a; — 5'o(t)a;l]//—>■ 0 as e —>■ 0, 

xEY 


dist(Me, Mq) —>■ 0 as e —>■ 0. 


We will show, with a fair amount of ease, that the family of global attractors for Problem Pq,, for all 
a G [0,1], are upper-semicontinuous in the topology of 'Ho- We now arrive at our first result. 

Lemma 3.18. Let B be a bounded set in Ho and T > 0. There exists a constant M = M{\\B\\fio,T) > 0 
such that for all <^o G H and for all t G [0, T], there holds, for all a G (0,1], 

\\So.{t)Co-So{t)Co\\no<V^-M. 


(3.52) 
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Proof. Let i? be a bounded set on Ho, T > 0, and a G (0,1]. Let (o = (wo, mi, 7o,7i) S H. For t > 0, let 

C\i) = (u\t),Ut(t),Uir(t),Uiir(t)) and (^(t) = (u^(<), u? (<), U|r(<), 

denote the corresponding global solutions of Problem Pq, and Problem Pq, respectively, on [0,T], both 
with the (same) initial data Co- For alH G (0,2^], set 

C(t) :=C^(t)-C^(t) 

=: (u(t),ut(t),uir(t),utir(i)) ■ 


Then f and u satisfy the equations 

( utt - ioAut + ut- Au + u + f{u^) - /(m^) = 0 
< Utt + dn{u + ujut) +ut — Aru + u + g{u^) — g{u^) = aojAru] 

I C(0) = o 


in (0, oo) X n 
on (0, oo) X F 
at {0} X n. 


(3.53) 


To obtain (|3.52|) . we now only need to follow the proof of Proposition |3lTT] after multiplying the equation 
(13.53^ 1 by 2ut in Lf{Pt), we estimate the new product to arrive at, 


—2au>{—AYul,ut)L'^(T) < aw||Vr^t ||L2(r) + aa;||VrUt||^2(r) 
< a ■ Q{\\B\\-Ho) + aw 11 Ut 11/^1 (p)- 
The result readily follows. This finishes the proof. 


(3.54) 

□ 


Remark 3.19. The above result (13.521) establishes that, on compact time intervals, the difference between 
trajectories of Problem Pq, a G (0,1] and Problem Pq, originating from the same initial data in i? C Ho, 
can be controlled, explicitly, in terms of the perturbation parameter a. 

The well-known upper-semicontinuity result in Proposition 13.171 now follows for our family of global 
attractors. 


Theorem 3.20. The family of global attractors {xlQ}Qg[op] is upper-semicontinuous in the topology of 
Ho,' precisely, there is a constant C > 0 independent of a in which there holds, 

dist-Ho(xlQ,xlo) < \/a- C. 

3.6. Weak exponential attractors. This section is motivated by [36l §4]. In this section we show the 
existence of a so-called weak exponential attractor. We seek a weak exponential attractor for two central 
reasons. First, we recall the complicated nature of the domain of the operator associated with the abstract 
Cauchy problem means the solution operators lack compactness in the standard energy phase space. The 
second reason involves the presence of the dynamic flux term dnUt in our boundary condition. Recently, 
works such as 0 [H m [201 [211 [271 [33] are able to establish the existence of an exponential attractor 
through for wave equations with dynamic boundary conditions through the use of suitable iL^-elliptic 
regularity estimates. Because of the dynamic flux term, dnUt, such estimates are not available here. 

Here we define the space, 

H-i := L^{Pt) X X ^^(r) X iL"^(F), 

endowed with the canonical norm, and there holds 

Ho ^ H-i, 


with continuous injections. 


Theorem 3.21. For each a G [0,1], the semiflow Sa generated by the weak solutions of Problem Pa 
admits a weak exponential attractor M-i^a that satisfies: 

(1) A4_i.q is bounded in Ho and compact inH-i, 

(2) Af_i.Q is positively invariant; i.e., for all t > 0, Sa(t)Ai-i^a Q 

(3) Af_i.Q attracts bounded subsets of Ho exponentially with the metric of H-i; i.e., there exists 
n > 0 and Q such that, for every bounded subset B C Ho and for all t > 0, 

distn_iiSa(t)B,M-i,a) < Q{\\B\\no)e~''*. 












DAMPED WAVE EQUATIONS WITH DYNAMIC BOUNDARY CONDITIONS 


21 


(4) A4-i^a possesses finite fractal dimension in H-i; i.e., 

m /KA oj \ V 

a, n-i) := limsup-^- < c», (4.55) 

r^o -Inr 

where p,'n^x{.M.-i,a,f) denotes the minimum number of halls of radius r from 'H-i required to 
cover A4-i^a- 

Corollary 3.22. In the topology the global attractor possesses finite fractal dimension. Indeed, 

there holds 

dImF{Aa,'H-i) < < C, 

for some constant C > 0, independent of a. 

Remark 3.23. Naturally, after demonstrating the existence of global attractors for Problem Pq, a G [0,1], 
the next question is whether the global attractors are finite dimensional, in the standard phase space 'Hq. 
Unfortunately, we cannot yet conclude that the fractal dimension of M-i^a (nor Aa) in "Hq is finite. 

The proof of Theorem 13.211 follows from the application of an abstract result modified only to suit 
our needs here (for further reference, see for example, [Ml [151 [22] , and also the reference associated with 
Remark 13.281 below). 


Proposition 3.24. Let Hq and be Hilbert spaces such that the embedding Hq ^ H-i is compact. 

Let S = (S'(t))t>o be a semiflow on Hq. Assume the following hypotheses hold: 

(HI) There exists a bounded absorbing set Bq C Hq which is positively invariant for S{t). More pre¬ 
cisely, there exists a time to > 0 (possibly depending on the radius of Bq) such that, for all 
t>to, 

S{t)BQ C Bq. 

(H2) There is t* > tp such that the map S(t*) admits the decomposition, for all Coi;Co2 G Bq, 

> 5 '(t*)Coi — S(t*)(Q2 = T(Coi, C02) + .f^(Coi, C02), 
where, for some constants k = K{t*) G (0, and A = A(t*) > 0, the following hold: 


A(Coi, C 02 ) < K ICoi - C 02 

(3.56) 

A:(Coi,Co 2 ) Iho ^ ^ ICoi - Co 2 H^i- 

(3.57) 

(LCq)^ S{t)C:[t*,2t*]xBQ^BQ 

(3.58) 


and 

(H3) The map 


is Lipschitz continuous on Bq in the topology of H-i. 

Then the semifiow S admits an exponential attractor A4_i in Bq. 


We now show that the hypotheses (H2) and (H3) hold for the semifiow Sa generated by the mild 
solutions of Problem P^. Of course, the first hypothesis (HI) was already shown in Lemma [3311 Moving 
forward, we now show (H2) by making the appropriate “lower-order” estimates in the norm of 7t_i. 

Lemma 3.25. For all a G [0,1], condition (H2) holds. 

Proof Let a G [0,1], and Coi = (^ 01 , Wii, 7oi, 7ii), C 02 = (^ 02 , M 12 , 7 o 2 , 712 ) G Bq. For t > 0, let 

CHt) = (.u^{t):ul{t),u\^{t),ul^j.{t)) and C{t) = {u'^it),u'(it),ufj.{t),u(^T.{t)), 

denote the corresponding global solutions of Problem P^ on [0,T] with the initial data ^01 and ^ 02 , 
respectively. For all t G (0,T], set 

c(t) :=e{t)-e{t) 

=: {u{t),ut{t),uir{t),utir{t)) , 
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and 


Co := Coi — Co2 

= (uoi,Wll, 7 oi, 7 ll) ~ (^^02, Ul2, 702 , 712) 

= (uoi — U02, Uii — Ui2, 701 — 702 , 7 ll ~ 712) 
=: (mo,mi,7o,7i)- 


For each t > 0 , decompose the difference ({t) := C^{t) — C^{t) with Co := Coi — C02 as follows: 
C(t) = {u{t),ut{t),u\r{t),ut\r{t)) 

= {v{t),vt{t),vir{t),vt\r{t)) + (w(t), wt(t), W|r(t), Wt|r(t)) , 


where (p{t) and are solutions of the problems: 

vtt — ujAvt + vt — Av + V = 0 
vtt + dn{v + ujvt) — aooArvt vt — Aril + w = 0 
<^( 0 ) = Co 


m 

on 

at 


and 


wtt - ojAwt +wt- Aw + w = f{u^) - f{u^) 


Wtt 


+ dn{w + ojwt) — aujArwt + wt — Arw + w = g{u) — g[u) 


d(0) = 0 


(0, 00 ) X Vt 

(0, 00 ) X r 
{0} X vt, 

in (0, 00 ) X Vt 
on (0, 00 ) X r 
at {0} X Vt. 


(3.59) 


(3.60) 


Let e S (0,1) to be chosen later and let 



e ’^^i'(T)dr. 


Then cpt+ecj) = v and (/)(0) = 0. Multiply equations () 3 . 59 p i" (l 3 . 59 j ) 9 by e and integrate with respect 

to r over ( 0 ,t) to find, 


(j)tt{t) - ioA<j)t{t) + - A(j){t) + (j){t) = 0 in VI, 


(3.61) 


and 


+ dn{oj(j)t{t) + (j){t)) - c(UjAr(l)t{t) + - Ar4>{t) + = 0 on F. (3.62) 

Now we multiply (I3.6ip - (I3.62I) by + £4> in L‘^{Vt) to find, 

^ {ll<At|lL2(n) + 2e(<^t,<^)L2(n) + ll^lllfqn) 

+ Il0i|li2(r) + 2e(^t,^)L2(r) + ll^llfl-qp)} 

+ 2a;|| + 2(1 — e)||C't|lL2(Q) + 2ew(V0t, V0)i2(Q) 

+ 2£:((^t, 4>)l^{q) + 2e||^||^i(o) 

+ 2aw||Vr0t||i2(r) + 2(1 - e)||<('t|li2(r) + 2eQ!a;(Vr0t, VrC>)L2(r) 

+ 2e(^t, ^)_L2(r) + 2 £:||^||^i(p) = 0. (3.63) 

Since the solutions C^ and C^ satisfy (|3.16L then ip = (i^, <^ 4 , ^|r, ^qr) G (^([O, 00 ); "H-i). Hence, each 
term of (I3.61D - (|3.62I) when taken in the product with = v V (^([0, 00 );'Ho) is well-defined. 

Define the following functional for all C = {u, v, 7 , 6) G Ho and for each e > 0, 

‘i’(C) :=IICIIwo + 2e(MH)L2(f2) -I-2e(7, d)p 2 (r). (3.64) 

(On trajectories (p{t) := t > 0, we denote $(^) by 4)(<).) Observe, with the 

Cauchy-Schwarz inequality, Poincare (11.121) . and the trace embedding H^{Vl) ^ L^(F), a straight forward 
calculation shows there are constants Ci, (72 > 0 , such that, for all t > 0 , 

Moreover, the map t i-A- <i)(t) is (7^([0,oo)). 


(3.65) 
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After the two basic estimates, 


2ew(V0t,V^)i2(o) > -2a;£- i||V0t|||2(o) - 2w£ • ^||V0|||2(n), 


UJS 


— 2a;|| V(/)t||^2(Q) ~;^ll'/'llHi(n) 


(3.66) 


and 


— — 1 — s ~ 

2 eaw(Vr(/>t, Vr(/>)L2(r) > - 2 a^uj£- -|| Vr(()t||i2(r) - Swer • ^||Vr(/)||i2(r), 

2 

> —2au;|| Vr^i||i2(r) ^ll<^llHi(r)) 

then (13.641) and the identity (13.631) may be written into the differential inequality, 

+ 2(1 - e)||^t||i2(n) + 2e((^t, + 2 c ll^ll^qn) 

+ 2(1 — e)||^t|li 2 (r) + ‘^s{^t,(t>)L^{r) + 2e ^1 ll^ll^qr) 

< 0 . 


(3.67) 


(3.68) 


Hence, for any w G (0,1], there is some c G (0,1) and a U 2 > 0 in which (13.681) becomes, for almost all 
t > 0 , 


dt 


$ + U2<I> < 0. 


Integration of (13.691) over (s,f) yields, with the aid of (I3.65L 

where 

Since 


(3.69) 

(3.70) 


if{t) = {(l>{t),cj)t{t),cj)\r{t),cj)tiri.t)). 


Ho= e 


re-(‘--)||(^(r)||H„dr 

^0 


U- 


(3.71) 


(13.701) becomes, in the limit s —>■ 0+, 




Thus, (|3.56D holds for with k = for any fixed t* > max{to, ^ ln(2C)}. 

It remains to show that (13.571) holds to complete the proof. This time, transform the system (13.601) 
with 


m ■■= 




e ' "w{T)dT, 


for some (new) c G (0,1) to be determined later below. Again, + eff = w and 0(0) = 0. Multiply 
equations (l3.60l) i- (l3.60l) -2 by and integrate with respect to r over (0,t) to find. 


and 


0tt(t) — ujA.6t(t) + 6t(t) — A0(t) + 6(t) 

+ /" (/(u^(r)) -/(u^(r))) dr = 0 in H, 

Jo 


0tt(t) + dn(uj0t(t) + 6(t)) - aujArOtit) + 0t(t) - Ar0(t) + 6(t) 


(3.72) 


+ / e 


-e(i-r) 


( 5 (u^(t)) - g ( v ?( T ))) dr = 0 


on r. 


(3.73) 
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As before, multiplication of (I3.72I) - (I3.73I) in L‘^{Q) by 9t +ed is defined. For notational ease, we proceed 
to denote 

- f{u\T))dT, 


and 


m := / 

G{t) := f - g{u'^{T))dT. 

Jo 


Now observe, 

(F(t), 0 t)^ 2 (o) = ^ ~ (/("« )~/(u L'^(n) ^ L'^(Q) ’ (3.74) 

and similarly, 

(G(t), 0t)i2(r) = ^ ^)L2(r) - (aiu^) - 9{u^), ^)i2(r) + ^ ^)L2(r) ■ 

Hence, here we obtain the differential identity, 


(3.75) 


^ {ll^t|li 2 (n) + 2 e( 0 t, 6 i)i 2 (Q) + || 0 ||^i(q) 

+ Il^tlli2(r) + 2e(0i,0)L2(r) + ll^llffi(r) 

+ 2 (¥{t),6 )+ 2 {G{t), ^)^ 2 (r)| 

+ 2w||V0t|||2(n) + 2(1 - e)||0t||i2(Q) + 2£a;(V0t, V0)i2(Q) 

+ 2 e( 0 t, 0 )i 2 (f 2 ) + 2 e|| 0 ||^i(f 2 ) 

+ 2aaj|| Vr0i||i2(r) + 2(1 — e)||^i||i2(r) + 2eau;(Vr0t, Vr0)L2(p) 

+ 2 £( 0 t, 0 )p 2 (r) + 2 £|| 0 ||^i(p) 

+ 4£ (F(t), 0)p2(n) + 4e (^(t), 0)p2(r) 

= 2 (/(m^) - /(m^), 0)p2(f2) + 2 (5 (m^) - ff(M^), 0)p2(r) ■ (3-76) 

Define the functional, for all ( = {u, v, 7 , (5) G Ho and for each £ > 0, 

0(0 := $(0 + 2 (F, 0)^2(n) + 2 (G, 0)p2(r), (3-77) 

where we recall the functional $ was defined above in (I3.64|) . (Again, we will denote 0(i?) on trajectories 
idlt) := (0(t), 0t(t), 0|r(t), 0t|r(O)i ^ > 0; by 0(t); also, the map t i-A 0(t) is (^^([0, 00 )).) With (I3.77|) 
and the two proceeding basic estimates (13.661) and (13.671) . the identity (13.761) becomes the differential 
inequality, which holds for almost alH > 0 , 


—0 + 2(1 — £)||6't||i2(Q) + 2£(0t,0)L2(n) + 2£ ^1 ll^lll^qn) 

+ 2(1 — £)Pt||L2(r) + 2£(0t, 0)L2(r) + 2£ ^1 ll^lll/qr) 

+ 4£ (F(t), e )+ 4£ (G(t), e) 

< (/(m^) - /(m^), ^)p 2 (o) + {giu^) - 9{u^), 

Following the estimates given above in (I3.24|) and (I3.25|l . and applying the uniform bound (j3.19l) on the 
solutions O(^); C^(^) G we readily find the following hold for a G (0,1], for all £ G (0,1), 


(/(O)-/(uO, 0 >i 2 (o) 


< 2£i||M||p6(n) (1 + ||■u^||p3(o) + IIm^II L3(n) ) ll^'IU8(n) 

< + GedlColIwo); 


(3.79) 


and 


(giu^) - 9{u^),S) 


L=(r) 


< £||^llffi(r) + GedlColIwo)- 


(3.80) 
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Combining (I3.78I) - (I3.80I) . we find, fixing snfficiently small e G (0,1), there exists U 3 > 0 such that, 

^e + u30<C(||Co||wo)- (3.81) 

Integrating (13.811) over (0,t) yields, for all t>0, 

0(t) < (0(0) _ CdIColkJ) + CdIColko) 

<0(O) + Cd|Co||«o). (3.82) 

Rewriting inequality (13.821) with (13.771) and (I3.64|) - (I3.65I) shows, 

< C'2||(?(0)||^„ - ((F(t),0(t))^,(^^ + ((G(t),0(t))^,(^)) +Cd|Co||«o). (3.83) 

Estimating the two remaining products with (I3.79P and p.80l) (recall, t G [0,T] and now e is fixed), 

2 (F(t), 0 (t))^ 2 (n) = 2^ (/(u^(t)) - dr 

<C(||Co||«o)ll^'(t)l|e-^‘ Te-dr 
^0 

<m\h(n) + ^Ci\\Co\\no,n (3.84) 

for all ?7 > 0. Similarly, for all 77 > 0, 

2 ((G(t),0(t))^,(^) <7711011^,(r) + ^C(||Co||«o,r). (3.85) 

Recalling (I3.60h and applying (13.8411 - ^.851) to (I3.83L we now find that there holds, for all t G [0,T], 

<^^(IICo||«o:7^). (3.86) 

The estimate (13.861) together with the continuous embedding 'Ho ^ 'H-i establishes (13.571) . This con¬ 
cludes the proof. □ 


Lemma 3.26. For all a G [0,1], condition (H3) holds. 


Proof. Let a G [0,1], Coi,Co 2 G Bq, and ti,t 2 G [t*,2t*]. In the norm of 'H-i, we calcnlate 
||'S'a(tl)Coi — <S'a(t 2 )C 02 ||w_i 

< ||-S'a(tl)Coi — S'a(tl)C 02 ||w_i + ||-Sa (tl )Co 2 — S'!! (t 2 )Co 2 llw,! . (3.87) 


The first term on the right-hand side of (13.871) is bonnded, uniformly in t on compact intervals, by (13.211) . 
We will deal with the remaining term only in the Gevrey case when a = 0 since the argument for the 
analytic case a G (0,1] is similar. For this, recall (13.31) from Theorem 13.II in the norm of Tdo: there is a 
constant C > 0 snch that there holds, for alH > 0, 


||3tC(i)llwo < 




dt 


IIColl«o + l|.^(C(t))ll 


£(Wo 


■Ho 


c, 


<^IICo||«o + ||.F(C(t))||«„. 


(3.88) 


Because ti,t 2 G [t*,2t*] and ^02 G Bo, we can use (j2.3L (12.41) and the continuous embedding 'Ho ^ 'H-i 
to easily show that the term on the right-hand side of (13.871) is globally bounded in 'H-i, whereby, 
the desired Lipschitz continuity property (I3.58P naturally follows for the analytic case, a G (0,1]. This 
concludes the proof. □ 


Remark 3.27. Concerning the proof of Lemma 13.261 when a > 0 a simpler proof follows directly from 
the theory of analytic semigroups. Indeed, since the operator Aa is analytic and the map 1 1 —>■ F{C,{t)) is 
C([0, 00 ); "Ho), we may apply standard results from [37l|38], for example. Then, for any 5 > 0 , 

dtC{t) = {ut{t),utt{t),ut\r{t),utt\r{t)) G C{[6, 00 );'Ho). 

Now with ti,t 2 G [t*,2t*] and C 02 G Bo, a simple estimate using (13.151) shows dtC{t) is uniformly bounded 
in 'Ho and the result now follows. 
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Remark 3.28. According to Proposition 13.241 the semiflow Sait) : Hq ^ Hq possesses an exponential 
attractor M-i,a C Bq, which attracts bounded subsets of Bq exponentially in the topology of H-i. 
Thus, the global attractors Aa are finite dimensional in the topology of 'H_i. In order to show that the 
attraction property in Theorem 13.211 part (3) also holds, we appeal to the transitivity of the exponential 
attraction described in the proceeding proposition. 


The next result is the so-called transitivity property of exponential attraction from m Theorem 5.1]). 
Proposition 3.29. Let {X,d) be a metrie space and let St be a semigroup acting on this space such that 

d{Stmi, Stm2) < Ce^*dimi,m2), 

for appropriate constants C and K. Assume that there exists three subsets Ui,U 2 ,U 3 C X such that 
distxiStUi, U 2 ) < and distxiStU 2 , U 3 ) < C' 2 e-“^*. 

Then 

disixiStUi,U3)<C'e-^'\ 

where C = CCi + C 2 and a' = ' 

The following corollary provides an interesting endnote to Theorem 13.211 


Corollary 3.30 (Corollary to Theorem 13.211) . Let be the weak exponential attractor admitted by 

the semiflow Sa, « € [0, Ij. Then for each a £ [0,1], the set 

Ma ■■= U Sait)M-l,a- 

t>0 

is positively invariant in TLq. The set AAq is bounded in DiA^^'^), and when a £ (0,1], AAq is bounded in 

DiAa). 

Proof. The asserted bounds follow directly from (13.161) . The proof of the positive invariance is a straight¬ 
forward calculation relying on the semigroup properties of Sa', indeed, for all a £ [0,1], 


Sait)Ma 


Sait) 



Sait + s)Al-l,a 

s>0 


C U Sait + s)M-l,a=\JSaiT)M-l,a=M, 

s>—t r>0 


This completes the proof. 


(3.89) 

□ 


Remark 3.31. Notice that we are not claiming that the sets AAa are compact, finite dimensional, nor 
(exponential) attractors. 


4. Conclusions 

In this article, we showed that the strongly damped perturbation of the weakly damped semilinear 
wave equation with hyperbolic dynamic boundary conditions possesses a semiflow generated by the mild 
solutions, in two different cases, the first corresponding to an abstract problem where the associated 
operator generates a Co-semigroup of Gevrey class 6 for <5 > 2, with the other case corresponding to an 
analytic semigroup. Each case assumes the interior (bulk) potential has subcritical nonlinearity. After 
proving the existence of an absorbing set, we showed the associated semiflows admit a global attractor 
in the standard energy phase space. Indeed, we obtain the required asymptotic compactness through a 
suitable “a-contraction” argument, which turns out to be rather necessary since other means known to 
evolution equation with dynamic boundary conditions cannot be applied here. With that, we were able 
to establish certain decay and compactness properties over the decomposition of the difference of two 
solutions, at least in the weak topology. The uniform global Lipschitz continuity of the semiflow on the 
absorbing set yielded the existence of weak exponential attractors, bounded in the standard topology, and 
compact in the weak topology. The finite fractal dimension of the weak exponential attractors insures 
that the global attractors also possess finite fractal dimension, at least in the weak topology. We also 
establish the upper-semicontinuity result for the family of global attractors Aa, as a —>■ 0, in the standard 
phase space Ro- 
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It would be interesting (if possible) to extend the results presented here to the case of critical nonlin¬ 
earities; e.g., replace the growth condition (jl.711 with the following, 

l/W - f{s)\ < h\r - s|(l + \r\* + |s|^). 

What keeps us from that presentation here is the lack of the local Lipschitz property for the nonlinear 
functional J^. Recall, the mild solutions obtained here come through semigroup theory, and they are 
not necessarily the same as weak solutions (cf. Remark 12.31) . Since weak solutions would not necessarily 
require that T be locally Lipschitz on the weak energy phase space, one could feasibly employ an arbi¬ 
trary (polynomial) growth condition, probably at the cost of introducing a new term, e.g. into 

the norm of the standard energy phase space. On the other hand, the difficulty with weak solution in 
this setting arises when attempting to obtain precompactness of the semiflow. Here, fractional powers of 
the Laplacian on H are not defined. Moreover, because of the dynamic flux component of the boundary 
condition, i.e. codnUt, there is no suitable iJ^-regularity estimate that can be used to bound (part of) the 
solution operator in some smoother space. Even for the strongly damped wave associated with homoge¬ 
neous Dirichlet boundary conditions, when the power of the leading Dirichlet-Laplace operator equaled 
one, i.e., u;(—A)®, 9 = 1, the weak solutions obtained in [51 [7] followed after a nontrivial application of a 
nonlinear Alekseev’s nonlinear variation of constants formula. 

Theorem 13.11 says something slightly more general than what we used here to prove that the semiflow 
was well-posed. As previously mentioned, the nonlinearity represented by the functional T is locally 
Lipschitz on the energy space Ho- More generally, it need only be locally Lipschitz as a map from 
D(A®) — >• Ho for 9 £ [0, i), where 7 = 1 if a > 0 and 7 = 2 if a = 0. For this reason, it would be 
interesting to achieve a full characterization of the domains of fractional powers of A^, cf. Chen and 
Triggiani’s result [10]. Indeed, we may offer up the following conjecture. 

Conjecture 4.1. For a € (0,1], we have 

D{Ai) c H\n) X ^ i7™{i.2e}(p) 

for all 0 < 9 < 1. 

For a = 0, we have 

Li(Ag) c H\n) X X H\T) X 

for all 0 < 9 < 1. 

The first statement of this conjecture may be obtained by analogy with [ini Theorem 1.1]. In fact, 
one can show in the case where a = 1 that Aa matches exactly the form of the operator appearing in 
m (see also 0) and therefore not only does the conjecture above hold, but the opposite containment 
also holds (so that the two sets are equal). The other cases are considerably more complicated. The 
statement for a = 0 may be defended by analogy with the domain D{Aq), in which the fourth component 
is in H^/^(r), a loss of “one half derivative” as compared to the domain D{Aof) for a > 0. A proof of 
this conjecture, though interesting, would not, however, allow us to generalize growth condition m, 
because the first component in the domain of the generator (and its fractional powers) is still only H^. 
Thus, if one is seeking to prove the well-posedness of the semi-flow using Theorem 13.11 then the results 
given in this paper are optimal. 

Another interesting direction for some future work could involve investigating the well-posedness, 
regularity, and asymptotic behavior corresponding to the case when a; = 0. In addition to bounding the 
(fractal) dimension of the attractors in Ho, at least in the case a; = 0 , after further work, the continuity 
properties of the associated attractors may be sought; for example, the upper-semicontinuity of the global 
attractors at w = 0 and the existence of a robust (Holder continuous) family of exponential attractors for 
uj G [0,1]. Based on Section 15^ and the work [TH] Section 4], the upper-semicontinuity result may follow 
by assuming only /, 5 G C(R) satisfy (ll.5|) - (ll.8l) . However, with additional regularity properties from the 
global attractors, the more traditional arguments used to show upper-semicontinuity of global attractors 
in [28l [29] (also see [32l Theorem 3.31]) may also prove successful. On the other hand, one may inquire 
about applying a perturbation parameter e to the inertial terms utt, then letting this approach zero. 
Then, this of course is just a special case arising from a so-called memory relaxation of the Allen-Cahn 
equation equipped with dynamic boundary conditions. 
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